We calculate electric and magnetic form factors of protons and neutrons in quenched Monte Carlo lattice QCD on a 16 3 × 24 lattice at β = 6.0 using Wilson fermions. We employ a method which characterizes one of the nucleon fields as a fixed zero-momentum secondary source. Extrapolating the overall data set to the chiral limit, we find acceptable fits for either dipole or monopole forms and extract proton and neutron magnetic moments, the magnitude of which are 10 to 15% low compared to experiment. In the extrapolation of the dipole fit of the form factors, we find that the dipole to nucleon mass ratio is about 7% low compared to experiment.
I. INTRODUCTION
The techniques of Monte Carlo lattice QCD continue to be developed and applied to numerous quantities of phenomenological interest. In particular, electromagnetic form factors are a useful probe of hadron internal structure. The method used in Ref. 1 characterizes one of the meson interpolating fields as a zero-momentum secondary source. Here, we apply this technique to the nucleon. This allows us, in the final analysis of the quark propagators, to reconstruct a number of operator probes, among which are the various lattice axial and vector currents. We report here on our results using the conserved lattice vector current; The purpose of this study is to begin a comprehensive examination of the mass and momentum dependence of nucleon form factors in the quenched approximation. In our treatment, we will extrapolate the parameters of the functional forms rather than individual form factor values. This is required if contact with various phenomenological forms for nucleon form factors is to be made.
We begin with an introduction to the formalism of lattice sources and correlation functions. We then present our results for the electric and magnetic form factors and their extrapolation to the chiral limit. We close with a summary and some comments about the directions of future lattice calculations.
II. FORMALISM A. Fundamentals
In order to set the notation, we first give a fairly complete catalog of the definitions and symbols used in this paper. Our conventions follow Sakurai [8] , although we adopt the non-standard representation gamma matrices: 
We use the four-vector notation b µ = ( b, ib 0 ) , where b 0 is purely real, to ease the transition to Euclidean space. Our discrete Minkowski fermion action is given by
where I = {x, α, a} and J = {y, β, b}, which are in the order {space-time, Dirac, color}.
Flavor sums are understood where appropriate. The matrix M IJ [U † ] is defined by
Using κ = 1/2(ma + 4) and (all fields not otherwise specified are lattice fields and 'a' is the lattice spacing)
we find that with U † µ (x) = e iaAµ(x) , this corresponds to the continuum action:
The assigned (1 ± γ µ ) structure in Eq. (4) means that the upper components of the Dirac equation propagate in the forward time direction in the static (small κ) limit. The conserved vector current [9] from Eqs. (3) and (4) 
J µ = ( j, iρ) is given explicitly by (for a single flavor)
The interpolating fields we use for the proton are
where u ↔ d for the neutron. (We assume m u = m d throughout.) The charge conjugation matrix C = γ 2 satisfiesCγ µC −1 = γ * µ whereC = Cγ 5 . We now continue to Euclidean space (t → −it, where t remains real) and use the integration formula [10] vac|T (
where the ζ, ζ are independent, totally anti-commuting Grassmann integration variables and
are the Euclidean gluon, fermion actions [11] . For example, on our lattice (α and β are generic indices)
where S ≡ M −1 .
B. Source technique
For the proton two-point function, we define (assuming t > 0 in the second line)
We will specify later the particular Γ-matrices which we use here and in following equations.
Defining in Dirac space the quantity Q ≡ C QC
−1 T
for an arbitrary matrix Q, we have (
where a configuration average is understood and the trace is over Dirac indices only. The corresponding connected Wick contractions of the proton three-point function are given as
This is similar to the two-point function, except that each quark propagator, S, has been replaced, in turn, by q fŜ where q f is the quark charge ( q u = 2/3,
describes the quark propagator coupled, with momentum q, to the electromagnetic current given in Eq. (10). In order to compactify our notation, let us introduce the quantity
corresponding to the u (d) quark contribution to the three-point function for the proton (neutron), as well as
corresponding to the d (u) quark contribution to the proton (neutron). In addition, definê
where X(y, 0; t 1 , q, µ) is given explicitly as
Then we may write concisely for the proton and neutron
where
The 'Tr' notation denotes a trace over both color and Dirac indices.
We have succeeded in rewriting the three-point functions for the proton and the neutron in a very compact manner. However, Eqs. (27) and (28) make it very clear that these quantities can not be calculated directly because of the presence of the S(x 2 , y) propagators, since there are sums over both x 2 and y present. These equations also make it clear that there are two remedies for this situation. One possibility is to introduce a source to simulate the current, contained in the X(y, 0; t 1 , q, µ) factor and associated with the y sum above.
This technique, of course, is not specific to the nucleon and works for any hadron field.
However, as one can see from Eq. (24), this choice fixes the spatial momentum transfer, q, for a given set of quark propagators. The other possibility is to introduce a source to simulate the two quark lines, contained in S A and S B , which lead to the final nucleon associated with the x 2 sum. This technique is specific to the nucleon, but leaves the spatial momentum transfer free. Indeed, even the choice of which operator to reconstruct is deferred until the final analysis, so that the propagators calculated are also useful in studying, for example, an axial current. In summary, fixing the current allows one to do a survey of particles with a given probe, whereas fixing the particle source allows one to use a variety of probes on a single particle. We choose here to fix the particle source since we are particularly interested in trying to understand the q 2 dependence of the nucleon form factors.
For this purpose we introduce v T A,B (y; t 2 , p) such that
where the transpose is over both Dirac and color indices. Explicitly,
We now multiply on the right of Eq. (31) by M(y, x ′ ) and sum on y to give
Using the well-known relation
where ' †' works in Dirac and color space, one can show that Eq. (32) leads to
The right hand side of (34) identifies the sources
to be inserted in the matrix inverter. Actually, for our purposes, it is more convenient to consider a linear combinations of sources,
which give the desired proton and neutron three-point functions directly. (See Eqs. (25) and (26) above.)
The general method of using secondary or sequential sources to perform spatial sums over intermediate lattice operators was introduced in Refs. 12.
C. Correlation Functions
Although the behavior of Euclidean-time nucleon correlation functions on the lattice is standard material [3] [4] [5] [6] [7] , we summarize their properties for future reference below.
We deal with both protons and neutrons, but for simplicity the following discussion will be for the proton only. The two-point function defined in Eq. (17) in the large Euclidean time limit gives
where N v is the number of spatial points in the lattice volume. We write lattice and continuum completeness, respectively, for fermionic states as
n,s
The continuum limit
where V = N v a 3 , gives the correspondence between lattice and continuum states:
Use of Eqs. (5) and (42) then give
α ′ (0)|vac) are related as usual to the free spinors u α ( p, s) and
( p, s|χ cont.
where the unknown amplitude, Z, transforms as a scalar and therefore can not depend upon p or s. Now, using these results in Eq. (38), one obtains
where we have used the following relation for free spinors:
For example, with the choice
one obtains
For the proton three-point function, Eq. (19), the large time limit is
The lattice and continuum matrix elements of J µ are related by
[γ µ , γ ν ] and F 1 and F 2 are real)
Based on these forms, with the choices p = 0, µ = 4 and Γ = Γ 4 , the proton three-point function yields
is the electric form factor. Similarly, using
one finds that with p = 0, µ = j and Γ = Γ k
where 
for G e and
for G m , which are seen to have smaller error bars. Notice that Eq. (57) guarantees that we measure G e (0) = 1 except for convergence errors and that all currents are located halfway between the creation and annihilation time steps. Also notice that the fractional powers are present in order to provide a choice in the two point functions used in order to allow single exponential behavior to develop in t ′ . The identities developed in Refs. 1 and 6 show final nucleon sources here is odd, t 2 = 15, we define a spatial current operator at half-time steps according to
for use in (56). The time-nonlocal charge density operator, J 4 , is already naturally associated with half-time steps.
III. RESULTS
Our quenched configurations are 16 3 × 24 and were calculated using the Monte Carlo
Cabibbo-Marinari pseudoheatbath [13] . The SU(3) fundamental Wilson action was used with periodic boundary conditions and β = 6.0. The gauge field was thermalized for 5000 sweeps from a cold start and 12 configurations separated by at least 1000 sweeps were saved. For the quarks we use periodic boundary conditions in the spatial directions and 'fixed' time boundary conditions, which consist of setting the quark couplings across the time edge to zero. The origin of all quark propagators was chosen to be at lattice time site 5; the secondary zero-momentum nucleon source was fixed at time site 20. We expect that these positions are sufficiently far from the lattice time boundaries to avoid nonvacuum contaminations. All our results for proton form factors use the point interpolating fields, Eqs. (12) and (13), and similarly for the neutron. We used the conditioned conjugate gradient technique for quark propagator evaluation described in Ref. 16 . For our convergence criterion we demanded that the relative change in the absolute sum of the squares of the quark or secondary propagators be less than 5 × 10 −5 over 5 iterations. As one check of the nucleon secondary source, we verified current conservation for t 2 > t 1 > 0 to O(10 −4 ). Since we wish to calculate the electric and magnetic form factors of both the proton and the neutron, We show the pion, rho and nucleon masses measured on our 12 configurations in Table I . Table I (from our simulation) will be used for the kinematic factors which appear in (57) and (58); the uncertainties associated the kinematics are then included in the form factors as uncorrelated errors, which affects mainly the magnetic error bars. We will also use the accurately determined β = 6.0 value of κ cr = .15708(2) from Ref. 18 for our chiral extrapolations. In the following, we will illustrate our data mainly with the κ = .154 results, where, it must be kept in mind, the error bars are the worst.
In order to test for continuum dispersion and to examine the time dependence of our two point functions, we define the local mass, energy, and energy minus mass from (50) as
These quantities are given in Fig. 1 , which corresponds to t ′ = 9 in Eqs. (57) and (58). (The propagator time origin is defined to be t ′ = 0). The other κ values are similar, and t ′ = 9 is used in all of our form factor results.
Figures 2 and 3 represent energy minus mass measurements as measured from ratios of the three-point functions, Eqs. (54) and (56). These are defined at integer time steps (the currents at t 1 are defined at half-integer sites) by , is approximately 3% of the central value). Our philosophy in comparing our results to experiment is to look at the simplest phenomenological forms consistent with the lattice data, and then to extrapolate the fit parameters, rather than the individual form factor values, to the chiral limit. The solid and broken lines in these graphs represent the best simultaneous dipole and monopole fits, respectively, of the combined proton electric, magnetic and neutron magnetic form factors. These are three parameter fits, giving the fit dipole mass from
or the monopole mass from
as well as the proton and neutron magnetic moments from the forms,
The fit parameters found this way are listed in Table VI The simultaneous monopole fits are seen to be slightly preferable to the dipole ones at the lowest three κ values. Notice also that the ratio m M /m N is essentially flat over these three κ values.
In a separate fit of the proton electric form factors, we list in Table VII the dipole and monopole masses, the corresponding charge radii (in lattice units), mass ratios, and χ Table V inform us that the (qa) 2 falloff of the magnetic data is faster than for the proton electric data at this κ value.
Figures 7 through 10 show the measurements of the neutron electric form factor at the four κ values. The phenomenological form,
is compared to the numerical results, using either the dipole (solid line) or monopole (broken line) parameters from Table VI to Figure 11 shows the κ = .152 proton electric form factor. In our measurements we have the option of reconstructing the spatial momentum transfers in a number of different directions for a given (qa) 2 value. This figure shows the effect on the error bars of averaging (3) and and not averaging (2) Table VI , while the diamond data points are given by the zero momentum measurement (t 2 > t 1 > 0):
The continuum formula on which the above is based is derived by taking the derivative of the continuum analog of G pJ j p (t 2 , t 1 ; 0, − q, Γ k ) with respect to the ith component of q, evaluated at q = 0, and dividing by a zero momentum two point function. The resulting equation is then transcribed into lattice language by changing the continuum matrix elements into lattice ones and by making the substitutions
Although the two results agree at the smallest κ, the zero momentum measurements give unrealistically small magnetic moments at the larger κ values. The reason for this behavior is the same as for similar behavior seen in lattice mesons using charge overlap techniques [19] . Because the lattice matrix elements do not contain arbitrarily small momentum states, the continuum derivative at q = 0 can not be duplicated, and the lattice version would only be expected to hold for D/2 ≫ R, where D is the length of the lattice on one side and R is a hadron correlation length, say, the charge radius. That is, the hadron is expected to be well contained in the given lattice volume. Apparently, this condition is only beginning to be satisfied at the smallest measured κ value, which is the farthest from the chiral limit. Table VIII . The quantity m q a is defined to be
These extrapolations are simply linear fits, which were adequate to describe the data, as seen from the χ Figure 15 presents the chiral extrapolation of the dipole to nucleon mass ratio from Table VIII . This is assumed to be linear as a function of m q a; again, the χ Tables   VIII and IX do not demand a more sophisticated treatment. We prefer to do the chiral extrapolations on the mass ratios from the above monopole and dipole fits because the ratio of similar physical quantities is often less subject to systematic errors and because measuring the nucleon mass in relation to other hadrons is best done in a separate high statistics spectrum calculation, such as the β = 6.0 calculations of Refs. 17 and 18. For comparison,
we have provided the results of three parameter (Table VIII) and one parameter (Table IX) fits of experimental nucleon data taken from Refs. 20 Table IX . Similarly, we obtain χ 2 d = 3.39 and 35.5 for the dipole and monopole fits, respectively, of Table VIII . In comparing the two experimental fits, we notice that the dipole mass ratio is slightly larger when the magnetic data is included (Table VIII) than when it is not (Table IX) . Experiment shows that the proton and neutron magnetic form factors fall off significantly more slowly than the proton electric form factor in our energy regime [22] . This explains the tendency of the experimental dipole fit which includes the magnetic data to produce a larger value of m D /m N than a similar fit of the proton electric data alone. It is encouraging that the same tendency seems to be present in the lattice dipole results in Tables VIII and IX , although the overall value for the ratio seems to be about 7% low in either case. However, as in the magnetic moment case, the larger κ values of this ratio prefer to lie above the linear fit, and therefore a more satisfactory value of this ratio could result from a deeper exploration of the chiral limit.
IV. COMPARISON AND CONCLUSIONS
We have investigated the functional forms of the nucleon electromagnetic form factors as given by quenched lattice QCD. Although our results are not sufficiently accurate to distinguish between monopole and dipole fits to the data, we have seen that the error bars on these quantities are encouraging and that the magnetic moments as well as the dipole to nucleon mass ratio are reproduced to within about 15%, similar to spectrum calculations.
We have also seen an indication that the chiral limit proton and neutron magnetic form factors have a slower falloff in q 2 than the proton electric form factor, which is similar to experiment in this energy regime. In addition, the neutron electric form factors come out to gave positive values for the neutron electric form factor as was found here. There does seem to be a difference in the physical size of the nucleons in these two studies, however.
Corresponding to the dipole and monopole chiral extrapolations in Table IX Recent studies of scaling show that both the dimensionless ratios of the string tension [25] and the scalar glueball mass to the chiral condensate [26] have scaling violations of ∼ 20% from β = 5.7 to β = 5.9 and ∼ 10% from β = 5.9 to β = 6.0. Although glueball mass studies on large lattices seem to show scaling from β = 5.9 to β = 6.2 [27] , hadron masses and f π ratios still show a deviation of the order of ∼ 10 to 20% [28] . Therefore, masses and magnetic moments measured at β = 6.0 are subject to a scale-breaking systematic error which could be as large as ∼ 20%, although our use of mass ratios in the monopole and dipole fits would be expected to significantly reduce the systematic error in the extrapolation of the functional forms to the chiral limit.
The overall message of form factor measurements to this point seems to be that the quenched approximation adequately represents the bulk of the physics of these quantities;
however, we are still far from being able to test QCD in a precise experimental way on the lattice. At the same time, we should keep in mind that another major theme of such calculations is the increased physics understanding that will be afforded through increasingly sophisticated parametrizations of lattice laboratory data. This has the potential of teaching us about the dynamics associated with quark masses, current self-contraction graphs, and the quenched approximation. It is clear that significantly larger computer resources will be necessary to make substantial progress in our understanding of these issues; we therefore look forward to the benefits of improvements in computer technology, such as proposed in 
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where U † µ is now the usual Euclidean link variable. .65 .265 (12) .767 (8) .72 .270 (17) .690(10)
.78 .217 (7) .647 (6) .94 .196 (8) .523(6) Figure Captions Table VI. 8. Same as Fig. 7 , except at κ = .152.
